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1 Introduction
Understanding vectors and vector fields is essential for success in math courses beyond
Calculus I and Calculus II. Mathematicians, engineers, physicists, and other scientists
use vectors and vector fields in their every-day occupations. Graphs of vector fields are
useful for understanding how objects (fluids, gases, electrons, etc) behave in a 2D plane
or in 3D space. This article briefly discusses vectors and vector fields, then describes
how to graph vector fields with the TI-Nspire program and Lua script in the TI-Nspire
document, vector field.tns that accompanies this article.

2 Vectors and Vector Fields

2.1 Vectors
Vectors are quantities that have both magnitude and direction. Geometrically, vec-
tors are represented as directed line segments (arrows) from an initial point, A, to a
terminal point, B. The length of the line segment represents its magnitude, and the
counter-clockwise angle from the horizontal represents its direction. Figure 1 is a dia-
gram of two vectors in R2. Vector V 1 has initial point A=(x1,y1)= (5,2) and terminal
point B = (x2,y2) = (8,6). The magnitude of V 1 using the distance formula equals√
(x2− x1)2 +(y2− y1)2 =

√
(8−5)2 +(6−2)2 = 5 and its direction angle equals

arctan( y2−y1
x2−x1 ) = arctan( 6−2

8−5 ) = arctan( 4
3 ). Vector V 2 has initial point (0,0) and ter-

minal point (4,3). The magnitude of vector V 1 equals
√

32 +42 = 5 and its direction
angle equals arctan( 4

3 ). Vectors that have the same magnitude and direction are equal,
so vectors V 1 and V 2 are equal.

Figure 1: Geometric Representation of Vectors

Vectors whose initial points are located at the origin are said to be in standard form
and are called position vectors. Vectors in R2 in standard form consist of two com-
ponents: an x component and a y component. The component form of vector V 2 is
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< x,y >=< 3,4 >. The magnitude of the vector is calculated as
√

x2 + y2 and its di-
rection angle is calculated as arctan(y/x).

Another commonly-used notation for defining vectors is based on multiplying each
component by a unit vector (magnitude equal to 1) in the direction of a coordinate axis.
The unit vectors for R2 are i, which equals < 1,0 >, and j, which equals < 0,1 >. In
this notation, a vector < x,y > is specified as < x,y >= xi+ yj.

The same definitions and techniques for vectors in R2 apply to vectors in R3 and Rn.
The main differences are that vectors in higher dimensions add components for the
higher dimensions and calculating the directions is slightly more complicated. Vectors
in R3 are specified as < x,y,z >, or alternatively as xi+ yj+ zk where i =< 1,0,0 >
, j =< 0,1,0 > and k =< 0,0,1 >. Vectors in Rn are specified as < x1,x2,x3, ...xn >.
The magnitudes of these vectors are calculated using the distance formula just as the
magnitudes of vectors in R2 are calculated.

Vector components are not limited to simple values: they can be functions that produce
values. Thus, a vector in R2 could be < x,y >=< f (x,y),g(x,y) > where x = f (x,y)

and y = g(x,y). An example of such a vector is
〈

y√
x2+y2

, x√
x2+y2

〉
.

2.2 Vector Fields
Vector Fields are functions F(x,y) or F(x,y,z) that assign a vector to every point in a
plane or a vector to every point in space. For example, in R2, the vector field F(−y,−x)
assigns the vector < −2,−1 > to the point (1,2) and assigns the vector < −5,3 > to
the point (−3,5).

An every-day example of a vector field is a weather map displaying vectors repre-
senting wind direction and velocity at various locations in a geographic region. A few
other examples are gravitational fields, magnetic fields, and electric force fields. Vector
fields also model flows, such as air flow around the wing of an airplane or water flow
through a river channel.

Some important mathematical operations on vector fields include calculating and dis-
playing gradient fields, divergence, and curl. Gradient fields consist of vectors rep-
resenting the direction of fastest increase of a function at a point. The divergence of a
vector field measures how much objects in a field are flowing outward from a point or
inward toward a point. The curl of a vector field measures how much objects in a field
are circulating around a point.

The notation for the operator that produces a gradient field of a function f (x,y) or
f (x,y,z) is ∇, the vector differential operator, del or grad. In R2, the equation when
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the operator is applied to f (x,y) is

∇ f =
∂ f
∂x

i+
∂ f
∂y

j =
〈

∂ f
∂x

,
∂ f
∂y

〉
In R3, the equation when the operator is applied to f (x,y,z) is

∇ f =
∂ f
∂x

i+
∂ f
∂y

j+
∂ f
∂ z

k =

〈
∂ f
∂x

,
∂ f
∂y

,
∂ f
∂ z

〉
The ∇ operator applied to a function f produces a gradient field F whose components
are the first partial derivatives of f . The vectors of a gradient field are the gradients of f .

The divergence of a vector field, div, is simply a number (scalar) obtained by calculat-
ing the dot product of the ∇ operator and the vector field F =< f ,g> or F =< f ,g,h>:

When applied to F =< f ,g >, div F =

∇ ·F =
∂ f
∂x

+
∂g
∂y

When applied to F =< f ,g,h >, div F =

∇ ·F =
∂ f
∂x

+
∂g
∂y

+
∂h
∂ z

In both cases, the sign of the resulting scalar indicates the direction in which objects
in the vector field ”flow”: positive values indicate outward flow and negative values
indicate inward flow. The value of the resulting scalar measures the rate of change of
the flow. If ∇ ·F = 0 there is no divergence and the vector field is said to be source free.

The curl of a vector field, denoted curl F , is obtained by calculating the cross product
of the ∇ operator and the vector field F =< f ,g,h >: curl F=

∇×F =

(
∂h
∂y
− ∂g

∂ z

)
i+
(

∂ f
∂ z
− ∂h

∂x

)
j+
(

∂g
∂x
− ∂ f

∂y

)
k

Note that this is the determinant of the 3×3 matrix whose first row entries are the stan-
dard unit vectors, second row entries are the components of ∇, and third row entries
are the components of F .

The curl of a vector field is a vector with three components. Each component indi-
cates the curl around an axis: the i component gives rotation about an axis parallel to
the x axis, the j component gives rotation about an axis parallel to the y axis, and the k
component gives rotation about an axis parallel to the z axis.

Although curl is defined only for vector fields in R3, the curl for a vector field in
R2 can be calculated by letting h = 0. In this case, the curl is simply

∇×F = (0)i+(0)j+
(

∂g
∂x
− ∂ f

∂y

)
k
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and the graph of the field consists of vectors of objects in the x,y plane circulating
around the z axis.

If ∇×F =< 0,0,0 > there is no curl and the vector field is said to be irrotational.

3 Graphing Vector Fields
Graphs of vector fields provide visual representations of the behavior of the fields in a
region and are useful for understanding the effects of the fields. Students in multivari-
able calculus or vector calculus courses are usually required to graph vector fields by
hand. This is done by sketching a 2D or 3D coordinate system, then calculating vectors
for a set of points and drawing the resulting vectors at each selected point. Computer
Algebra Systems are capable of graphing both 2D and 3D vector fields. Unfortunately,
TI-Nspire does not have builtin functions for graphing vector fields.

The TI-Nspire document that accompanies this article (vector field.tns) contains
code to graph a 2D vector field. The code consists of a Lua script that graphs the field
and a TI Basic program that interfaces with the script. The document also contains a
Calculator page with examples of graphing many different vector fields and a Notes
page describing how to use the code. The code is designed primarily for the hand-held
device and the desktop software, but also runs in the CAS app for the iPad. The code
requires the CAS versions of TI-Nspire.

To graph a vector field, run the TI Basic program, update vfield(), in a calculator
page. This code validates the input arguments and if the arguments are valid, updates
the Lua script with the values. The Lua script then generates a graph of the vector field.
The program is executed as follows:

update vfield(xeqn,yeqn,xminmax,yminmax,grid,ticklabels)

The input arguments are:

xeqn - a string. The equation or constant for the vector x coordinate.

yeqn - a string. The equation or constant for the vector y coordinate.

xminmax - a list. The min and max x axis coordinates for the graph: {minx,maxx}.
The interval must include 0 as an internal value or endpoint.

yminmax - a list. The min and max y axis coordinates for the graph: {miny,maxy}.
The interval must include 0 as an internal value or endpoint.

grid - a number. The number of grids from 2 up to 8. For a grid value of 8, the
grid is an 8 by 8 grid, resulting in up to 64 vectors per graph. The center point of the
vectors are calculated at the points where the horizontal and vertical grid lines intersect.
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ticklabels - a boolean value. If true, labels for the x and y axis tickmarks are dis-
played.

4 Examples

4.1 Example 1: A Gradient Field
A 2D gradient field is a vector field whose vectors are gradients of a function

z = f (x,y) : F(x,y) =
〈

∂ f
∂x

,
∂ f
∂y

〉
The vectors at each point (x,y) point in the direction of fastest increase in the value of
the function and the magnitude of the vectors indicate the rate of increase.

The general equation of a hyperbolic paraboloid is z = x2

a2 − y2

b2 and if a = 1,b = 1
the equation is z = x2− y2. The graph of this surface is displayed in Figure 2.

The partial derivatives of this function are ∂ f
∂x = 2x and ∂ f

∂y =−2y so the gradient field
for the function is simply F(x,y) =< 2x,−2y >. The command to graph the gradient
field is

The graph of the gradient field is displayed in Figure 3.

Figure 2: Graph of z = x2− y2
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Figure 3: Graph of Gradient Field for z = x2− y2

As is evident from examining the graph of z = x2− y2 and the graph of its gradient
field, the direction in which the values of the function increase most rapidly is toward
and along the x axis.

4.2 Example 2: A Divergent Vector Field
The ”quintessential” example of a divergent vector field is F(x,y) =< x,y > where
f = x and g = y. The divergence of this field is calculated as div F =

∇ ·F =
∂ f
∂x

+
∂g
∂y

= 1+1 = 2

The value of div F is positive, indicating that the flow is outward at an increasing rate.

The command to graph the divergent vector field is

The graph of the vector field is displayed in Figure 4.
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Figure 4: Graph of Divergent Vector Field F =< x,y >

4.3 Example 3: A Rotational Vector Field
The ”quintessential” example of a rotational vector field is F(x,y) =< −y,x > where
f =−y and g = x. The curl of this field is calculated by letting F =< f ,g,h >=
<−y,x,0 >. Then curl F=

∇×F =

(
∂h
∂y
− ∂g

∂ z

)
i+
(

∂ f
∂ z
− ∂h

∂x

)
j+
(

∂g
∂x
− ∂ f

∂y

)
k =< 0,0,2 >

The i and j components of this vector are both equal to 0, indicating there is no rota-
tion around the x and y axes. The k component equals 2, indicating counter-clockwise
rotation in the x,y plane around the z axis.

The command to graph the rotational vector field is

The graph of the vector field is displayed in Figure 5. The graph clearly illustrates
the circulation of the field in the x,y plane around the z axis.
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Figure 5: Graph of Rotational Vector Field F =<−y,x >

5 Summary
This article briefly described vectors and vector fields and discussed how to graph them
with TI-Nspire. The article also discussed three important operations on vector fields:
grad, div, and curl, and provided examples of graphing these operations with the code
in the TI-Nspire document that accompanies this article, vector field.tns.
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