
Synthetic Multiplication: Polynomials from
Roots for the TI-Nspire™

Forest W. Arnold

February 2019

1



Typeset in LATEX.

Copyright © 2019 Forest W. Arnold

This work is licensed under the Creative Commons Attribution-Noncommercial-Share
Alike 3.0 United States License. To view a copy of this license, visit
http://creativecommons.org/licenses/by-nc-sa/3.0/us/ or send a letter to
Creative Commons, 171 Second Street, Suite 300, San Francisco, California, 94105,
USA. You can use, print, duplicate, share this work as much as you want. You can base
your own work on it and reuse parts if you keep the license the same.

Trademarks

TI-Nspire is a registered trademark of Texas Instruments, Inc.

2

http://creativecommons.org/licenses/by-nc-sa/3.0/us/


1 Purpose
The objectives of this article are to

1. describe synthetic multiplication,

2. show how to perform synthetic multiplication manually,

3. describe an algorithm for implementing synthetic multiplication,

4. create a TI-Nspire function for performing synthetic multiplication,

5. describe an algorithm for forming a polynomial from roots, and

6. implement a TI-Nspire function for forming a polynomial from roots.

2 Description
A polynomial represented as a product of its factors, (x−c1)(x−c2) · · ·(x−cn−1)(x−
cn), is converted to a polynomial in standard form, anxn +an−1xn−1 + . . .+a1x+a0 by
first multiplying (x− c1)(x− c2), then repeatedly multiplying the result by succeeding
linear factors (x− ci). This process, called expanding a polynomial, involves a series
of tedious and error-prone multiplications and additions; i.e., the terms of the polyno-
mial are multiplied by both −c and by x and the results are added together. However,
there is a simple and efficient technique for multiplying a polynomial by a linear factor
(x− c). The technique is called synthetic multiplication.

Synthetic multiplication is a short-cut technique for increasing the degree of a polyno-
mial p(x) by multiplying p(x) by x− c where c is a root (zero) of the new polynomial.
Synthetic multiplication is the inverse of synthetic division: synthetic division reduces
the degree of (deflates) a polynomial by removing a zero and synthetic multiplication
increases the degree of (inflates) a polynomial by adding a zero. Performing synthetic
multiplication is similar to performing synthetic division. For a description of synthetic
division, see the article ”Synthetic Division and Horner’s Method for the TI-Nspire™”
on the ”Notes” page at the website https://www.arnoldfw.com.

3 Performing Synthetic Multiplication by Hand
The following examples show the steps for manually performing synthetic multiplica-
tion.

Example 1: Expand (x−3)(x−4) using synthetic multiplication.

For this example, the roots of the polynomial are 3 and 4. Multiply the first-degree
polynomial (x−4) by (x−3) using synthetic multiplication as follows:

Step 1. Use the coefficients of (x − 4) and the root 3 to set up the problem: The
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coefficients of (x−4) in descending powers of x are 1,−4 and the root is 3. The prob-
lem is expressed as:

3 1 −4

Step 2: Bring down the leading coefficient, 1:

3 1 −4

1

Step 3: Multiply −(3) times the leading coefficient, 1, place the result under the next
coefficient, then add the result to the coefficient:

3 1 −4

−3

1 −7

Step 4: Multiply −(3) times the second coefficient, −4 and bring the result down:

3 1 −4

−3

1 −7 12

The coefficients of the polynomial are 1,−7 and 12 and the equation of the expanded
polynomial is x2 −7x+12.

Example 2. Expand (x−3)(x−4)(x+2) using synthetic multiplication.

(x−3)(x−4) was expanded in example 1, so for this problem, multiplying the result of
example 1 by (x+2) using synthetic multiplication yields the third-degree polynomial.
The root is −2 and the coefficients of the second-degree polynomial from example 1
are 1,−7,12. The problem is expressed as

−2 1 −7 12
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Step 2: Bring down the leading coefficient, 1:

−2 1 −7 12

1

Step 3: Multiply −(−2) times the leading coefficient, 1, place the result under the
second coefficient, then add the result to the second coefficient:

−2 1 −7 12

2

1 −5

Step 4: Multiply −(−2) times the second coefficient, −7, place the result under the
third coefficient, then add the result to the third coefficient:

−2 1 −7 12

2 −14

1 −5 −2

Step 5: Multiply −(−2) times the third coefficient, 12 and bring the result down:

−2 1 −7 12

2 −14

1 −5 −2 24

The multiplication is now complete. The coefficients of the new polynomial are 1,−5,−2
and 24 and the equation of the polynomial is x3 −5x2 −2x+24.

Example 3. Expand (x−3)(x−4)(x+2)(x+1) using synthetic multiplication.

(x−3)(x−4)(x+2) was expanded in example 2, so for this problem, multiplying the
result of example 2 by (x+ 1) using synthetic multiplication yields the fourth-degree
polynomial. The root is −1 and the coefficients of the third-degree polynomial from
example 2 are 1,−5,−2,24. The problem is expressed as

−1 1 −5 −2 24
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Step 2: Bring down the leading coefficient, 1:

−1 1 −5 −2 24

1

Step 3: Multiply −(−1) times the leading coefficient, 1, place the result under the
second coefficient, then add the result to the second coefficient:

−1 1 −5 −2 24

1

1 −4

Step 4: Multiply −(−1) times the second coefficient, −5, place the result under the
third coefficient, then add the result to the third coefficient:

−1 1 −5 −2 24

1 −5

1 −4 −7

Step 5: Multiply −(−1) times the third coefficient, −2, place the result under the
fourth coefficient, then add the result to the fourth coefficient:

−1 1 −5 −2 24

1 −5 −2

1 −4 −7 22

Step 6: Multiply −(−1) times the fourth coefficient, 24 and bring the result down:

−1 1 −5 −2 24

1 −5 −2

1 −4 −7 22 24

The multiplication is now complete. The coefficients of the new polynomial are 1,−4,−7,22
and 24 and the equation of the polynomial is x4 −4x3 −7x2 +22x+24.
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4 A TI-NSpire Function for Synthetic Multiplication

4.1 An Algorithm for Synthetic Multiplication
Summarizing the steps followed in example 3 with variables reveals a pattern for de-
riving an algorithm to perform synthetic multiplication:

Let a be a list of the coefficients of the polynomial being multiplied by a factor (x−c),
b be a list of the coefficients of the new polynomial, and c be the zero being included
in the new polynomial. Then

Step 2: b[1] = a[1]
Step 3: b[2] = a[2]+ (−c) ·a[1] = a[2]− c ·a[1]
Step 4: b[3] = a[3]+ (−c) ·a[2] = a[3]− c ·a[2]
Step 5: b[4] = a[4]+ (−c) ·a[3] = a[4]− c ·a[3]
Step 6: b[5] = (−c) ·a[4] =−c ·a[4]

Notice that steps 3 through 5 are identical except for the indices for the list elements.
Since this is the case, all the steps except the first and last can be executed in a loop
and the algorithm is:

Synthetic Multiplication Algorithm

Given a list a of the coefficients of a polynomial p(x) arranged in descend-
ing order of powers of x and a constant c, multiply p(x) by x− c and return a list
b containing the coefficients of the expanded polynomial.

set n = number of coefficients of p(x)
set b = a list of size n+1 elements
set b[1] = a[1]
for i = 2, i ≤ n

set b[i] = a[i]− c ·a[i−1]
end for
set b[n+1] =−c ·a[n]
return b
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4.2 synmult(), a TI-NSpire Function for Synthetic Multiplication
The implementation of the above algorithm as a TI-NSpire function is:

Define LibPub synmult(coeffs,c)=
Func
© synmult(coeffs,c) - expand a polynomial by including a root
© Input arguments
© coeffs - the coefficients of the polynomial
© c - a zero of the expanded polynomial
© Returns
© a list containing the coefficients of the expanded polynomial in
© descending powers of x
© Note
© This function expands the polynomial by multiplying it by
© (x-c) where c is a zero of the expanded polynomial
©
© Copyright © 2019 Forest W. Arnold
© This program is free software; you can redistribute it and or modify
© it under the terms of the GNU General Public License as published by
© the Free Software Foundation; either version 3 of the License, or
© (at your option) any later version.
©=====================================================

Local n,i
Local b

n:=dim(coeffs)
If n<1 Then

Return {}
EndIf

b:=newList(n+1)
b[1]:=coeffs[1] © leading coefficient

© calculate intermediate coefficients
For i,2,n

b[i]:=coeffs[i]-c*coeffs[i-1]
EndFor
b[n+1]:=-c*coeffs[n] © constant term
Return b

EndFunc

4.3 Examples: Using synmult()
The following examples demonstrate how synmult() is used step-by-step to expand
the polynomial whose roots are 3,4,−2, and −1.

Example 1. Expand the polynomial x by including the root 3:
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Example 2. Next, expand the first-degree polynomial x−3 by including the root 4:

Example 3. Now, expand the second-degree polynomial x2 − 7x+ 12 by including
the root −2:

Example 4. Finally, expand the third-degree polynomial x3 − 5x2 − 2x + 24 by in-
cluding the root −1:

The result of expanding (x− 3)(x− 4)(x+ 2)(x+ 1) using synthetic multiplication is
the fourth-degree polynomial x4 −4x3 −7x2 −22x+24.

5 A TI-NSpire Function for Exanding a Polynomial from
Roots

5.1 An Algorithm for Expanding a Polynomial
Examples 1 through 4 expand the polynomial with roots 3,4,−2 and −1 in stages: first,
the root 3 was added to the first-degree polynomial x−4, resulting in the second-degree
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polynomial x2 − 7x+ 12. Next, the root −2 was added to the second-degree polyno-
mial, resulting in the third-degree polynomial x3 −5x2 −2x+24. Finally, the root −1
was added to the third-degree polynomial, resulting in the fourth-degree polynomial
x4 −4x3 −7x2 +22x+24.

These four examples exemplify the technique for expanding a polynomial given a list
of its roots: create the first polynomial beginning with the first root, then iteratively add
each root to the resulting polynomial. An algorithm for doing this is:

Polynomial from Roots Algorithm

Given a list a of the roots of a polynomial p(x), generate the coefficients
an,an−1, ...a1,a0 of the polynomial anxn + an−1xn−1 + ...+ a1x + a0 using syn-
thetic multiplication.

set n = number of roots of p(x)
set b = coefficients of x−a[1]
for i = 2, i ≤ n

set b = synmult(b,a[i])
end for
return b

5.2 polyfromroots(), a TI-Nspire Function for Expanding a Poly-
nomial

The implementation of the above algorithm as a TI-NSpire function is:

Define LibPub polyfromroots(roots)=
Func
© polyfromroots(roots) expands a polynomial given a list of its roots
© Input Arguments:
© roots - a list of the roots of the polynomial
© Returns:
© A list of the coefficients of the polynomial in descending order of
© powers of x
©
© Copyright 2019 Forest W. Arnold
© This program is free software; you can redistribute it and or modify
© it under the terms of the GNU General Public License as published by
© the Free Software Foundation; either version 3 of the License, or
© (at your option) any later version.
©=====================================================

Local coeffs,n,c,i

n:=dim(roots)
If n<1 Then

Return {}
EndIf

10



© initial expansion of x with first root
coeffs:=synmult({1},roots[1])

For i,2,n
c:=roots[i]
coeffs:=synmult(coeffs,c)

EndFor
Return coeffs

EndFunc

5.3 Examples: Using polyfromroots()
The following two examples show how polyfromroots() is used to expand a poly-
nomial from a list of roots of the polynomial.

Example 5. Expand the polynomial whose roots are 3,4, and −2.

Example 6. Expand the polynomial whose roots are 3,4,2+3i, and 2−3i.

6 Aa Application of Synthetic Multiplication
Example Application: Find a function p(x) defined by a third-degree polynomial with
roots −2,2,5 that passes through the point (1,4).

Solution:

The factors of the polynomial are (x − (−1)),(x − 2), and (x − 5). Thus, the form
for the polynomial is p(x) = a(x+1)(x−2)(x−5) where a is a real number.

First, use synthetic multiplication to multiply the factors:

The general form of the expanded polynomial is p2(x) = y = a · (x3 −5x2 −4x+20).
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The next step is determining the value of a when x = 1,y = 4 by substituting 4 for y
and 1 for x:

After substituting the value of a in the general form of the third-degree polynomial,
the particular solution that satisfies the requirements of the problem is

A graph of p1(x) and p2(x) is shown in Figure 1.

Figure 1: Plot of 1
3 · (x

3 −5x2 −4x+20)

7 Summary
Synthetic multiplication is an efficient method for multiplying a polynomial by a linear
factor of the form (x− c), where c is a root of the expanded polynomial. Synthetic
multiplication is used to expand a polynomial in the form of a product of its n factors
(x− c1)(x− c2) · · ·(x− cn−1)(x− cn).

This document illustrated manually performing synthetic multiplication, presented an
algorithm for synthetic multiplication based on the manual steps, and presented code
for a TI-NSpire synthetic multiplication function. An algorithm for expanding a poly-
nomial from a list of its roots was also presented, along with TI-NSpire code imple-
menting the algorithm.
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A simple application of synthetic multiplication for finding the equation of a polyno-
mial with specified roots constrained to pass through a given point was also discussed
and demonstrated in TI-NSpire Calculator and Graph pages.
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