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1 Purpose
The objectives of this article are to

1. describe synthetic division,

2. list some of the applications of synthetic division,

3. show how to perform synthetic division manually,

4. describe an algorithm for implementing synthetic division,

5. create a TI-Nspire function for performing synthetic division,

6. describe a form of synthetic division called Horner’s Method, and

7. implement Horner’s Method as a TI-Nspire function.

2 Description
The Division Algorithm1 states that, given polynomials f (x) and g(x), where the de-
gree of f (x) is greater than the degree of g(x), then there are unique polynomials q(x)
and r(x) such that

f (x) = g(x) ·q(x)+ r(x)

where r(x) = 0 or the degree of r(x) is less than the degree of g(x).

This algorithm simply says that a polynomial can be divided by a polynomial of lesser
degree and the result is a quotient polynomial and a remainder polynomial. For general
cases, polynomial division is performed using long division similar to the way numbers
are divided.

For the special case when the divisor polynomial, g(x), is a first-degree polynomial
of the form x−c, the division can be performed using a compact technique called syn-
thetic division2: for any polynomial f (x) and any complex number c, there is a unique
polynomial q(x) and number r such that

f (x) = (x− k) ·q(x)+ r

Note that for the special case, the remainder r is a number instead of a polynomial.

3 Some Applications of Synthetic Division
Synthetic division can be used to

• Find the value of a polynomial for a given value c,

1Lial, page 300
2Lial, page 303
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• determine if a value c is a zero of a polynomial,

• find approximate roots of a polynomial by recursively ”deflating” the polynomial
when used in conjunction with Newton’s Method,

• find the value of the first derivative of a polynomial at a given point.

A specialized version of synthetic division called Horner’s Method is used to effi-
ciently find the value of a polynomial and its first derivative for a given value of c.
Implementations of synthetic division and Horner’s Method as TI-Nspire functions are
presented and demonstrated in the file syndiv.tns, the TI-Nspire document that accom-
panies this article.

4 Performing Synthetic Division by Hand
The following examples illustrate the steps for performing synthetic division and dis-
cuss the results of the process.

Example 1. Use synthetic division to divide f (x) = x3 +5x2 +2x−8 by x−3.

Step 1: Determine the coefficients of the polynomial f (x), the value of the constant
c, and set up the division with the coefficients in descending order of powers of x. The
coefficients in descending order are 1,5,2,−8 and c = 3. The division problem is ex-
pressed as

3 1 5 2 −8

Step 2: Bring down the leading coefficient, 1, multiply it by 3, and place the result
3 under the second coefficient.

3 1 5 2 −8

3

3

Step 3: Add the result 3 to the coefficient 5 to yield 8. Multiply 8 by 3:

3 1 5 2 −8

3 24

3 8
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Step 4: Add the result 24 to the coefficient 2 to yield 26. Multiply 26 by 3:

3 1 5 2 −8

3 24 78

3 8 26

Step 5: Add the result 78 to the coefficient −8 to yield 70:

3 1 5 2 −8

3 24 78

3 8 26 70

The bottom row at the end of the above process now contains the coefficients of the
quotient and the remainder. The degree of the quotient is one less than the degree
of f (x) and the remainder is a simple numeric value. The quotient is 3x2 + 8x+ 26
and the remainder is 70. An interesting and important result of synthetic division
is that the remainder is equal to the value of f (x) evaluated at c. For example 1,
f (3) = 1 ·33 +5 ·32 +2 ·3−8 = 70.

Example 2. The zeroes of the second degree polynomial f (x) = 2x2− 8 are 2 and
−2: 2(x+ 2)(x− 2) = 2x2− 8. Use synthetic division to divide f (x) = 2x2− 8 by
x+2 = x− (−2).

Step 1: Determine the coefficients of the polynomial f (x), the value of the constant
c, and set up the division with the coefficients in descending order of powers of x. The
coefficients in descending order are 2,0,−8 and c = −2, which is one of the roots of
f (x). Note that the coefficient of the x term is 0 and must be included in the list of
coefficients. The division problem is expressed as

−2 2 0 −8

Step 2: Bring down the leading coefficient, 2, multiply it by −2, and place the re-
sult −4 under the second coefficient.

−2 2 0 −8

−4

2
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Step 3: Add the result −4 to the coefficient 0 to yield −4. Multiply −4 by −2:

−2 2 0 −8

−4 8

2 −4

Step 4: Add the result 8 to the coefficient −8 to yield 0:

−2 2 0 −8

−4 8

2 −4 0

The quotient polynomial for this example is 2x− 4 = 2(x− 2) and the remainder is
0. Again, the result of synthetic division is that the remainder is equal to the value of
f (x) evaluated at c. For example 2, f (−2) = 2 · (−2)2 +0 · (−2)+(−8) = 2 ·4−8 =
8−8 = 0.

The above examples demonstrate the Remainder Theorem3:

If the polynomial f (x) is divided by x− c, then the remainder is equal to f (c).

Proof: Since f (x) = (x− c)q(x)+ r is true for all complex values of x, it is true for
x = c, so f (c) = (c− c)q(x)+ r = r.

Additionally, if the remainder from synthetic division is equal to 0, then c is a zero
of the polynomial f (x) since f (c) = r = 0 and a zero of a polynomial is by definition a
number c such that f (c) = 0.

Examples 1 and 2 illustrate two of the primary applications of synthetic division: eval-
uating a polynomial and determining if a value is a zero of a polynomial. Example 2
also illustrates polynomial deflation, the reduction of the degree of a polynomial by
factoring out one of its roots.

5 A TI-NSpire Function for Synthetic Division
The technique for performing synthetic division by hand can be directly converted to
an algorithm which can then be implemented as a TI-Nspire function.

3Lial, page 303

6



5.1 A Synthetic Division Algorithm
The synthetic division alogorithm in pseudo-code is:

Synthetic Division Algorithm

Given a list a of the coefficients of a polynomial p(x) arranged in descend-
ing order of powers of x and a constant c, divide p(x) by x− c and return a list qv
containing the coefficients of the quotient q(x) and the value p(c).

set n = number of coefficients of p(x)
set qv = a list of size n elements
set qv[1] = a[1]
for i = 1, i < n

set qv[i+1] = a[i+1]+ c ·qv[i]
end for
return qv

5.2 syndiv(), a TI-Nspire Function for Synthetic Division
Algorithms expressed in basic-like pseudo-code are easy to convert to TI-Basic, the in-
formal name for TI-NSpire’s programming language. The implementation of syndiv()
for the TI-NSpire is

Define LibPub syndiv(coeffs,c)=
Func
© syndiv(coeffs,c) calculates the quotient and remainder of a polynomial
© divided by x-c
© Input arguments:
© coeffs - the coefficients of the polynomial in descending order
© c - the value at which the quotient and remainder are calculated
© Returns:
© A list containing the coefficients of the quotient and the remainder.
© The remainder is the last element in the list
©
© Copyright © 2019 Forest W. Arnold
©===================================================

Local i,n,quotient

n:=dim(coeffs)
If n=0 Then

Return {}
EndIf

quotient:=newList(n)
quotient[1]:=coeffs[1]
For i,1,n-1

quotient[i+1]:=coeffs[i+1]+c*quotient[i]
EndFor
Return quotient

EndFunc
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5.3 Examples: Using the syndiv() Function
The following two examples demonstrate using syndiv() for Examples 1 and 2 above.

Example 3. Use synthetic division to divide f (x) = x3 +5x2 +2x−8 by x−3.

Example 4. The zeroes of the second degree polynomial f (x) = 2x2− 8 are 2 and
−2: 2(x+ 2)(x− 2) = 2x2− 8. Use synthetic division to divide f (x) = 2x2− 8 by
x+2 = x− (−2).

Example 5. Use synthetic division to evaluate p(x) = x4− 11x3 + 53x2− 139x+ 156
at x = 6.

Example 6. Given that (2+ 3i) is a root of p(x) = x4− 11x3 + 53x2− 139x+ 156,
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find the remaining roots of p(x).

To find the roots, use synthetic division to factor out the root (2 + 3i), leaving the
reduced third-degree polynomial:

Complex roots occur in conjugate pairs, so (2− 3i) is also a root. Factor out this
root, leaving the reduced second-degree polynomial:

The reduced second-degree polynomial is x2− 7x+ 12. The remaining two roots can
be found either manually, with the quadratic formula, or with the TI-Nspire function
polyroots():

Example 6 illustrates the process of finding the roots of a polynomial by deflation us-
ing synthetic division. For this to work, the values of the roots must be approximated.
Newton’s Method can be used to find approximate roots for each polynomial. The ap-
proximations are then used to deflate the polynomials. This process continues until a
reduced polynomial can be directly solved. However, because of accumulated errors,
inaccuracy increases as the number of approximated roots increases. One way to re-
duce the inaccuracies is to first find approximate roots, then reapply Newton’s Method
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to the approximate roots to find better approximations4.

6 First Derivatives at a Point by Synthetic Division
An interesting application of synthetic division is finding the value of the first derivative
of a polynomial at a point c. This is done by first finding the value of the polynomial
at the point c, then using the quotient from synthetic division to determine the value of
the first derivative at the same point c. Here is an example:

Example 7. Use synthetic division to find the value of the first derivative of the poly-
nomial p(x) = 3x3 +5x2− x+4 at the point x = 5.

To see why this works, recall that by the Division Algorithm, when c = x0

p(x) = (x− x0)q(x)+b0

where q(x) is the quotient and b0 is the remainder from dividing p(x) by x− x0. Dif-
ferentiating q(x) with respect to x using the Product Rule for differentiation yields 5

p′(x) = q(x)+(x− x0)q′(x)

and when x = x0,
p′(x0) = q(x0)+0 ·q′(x0) = q(x0)

4Burden and Faires, page 96
5Burden and Faires, page 93
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7 Synthetic Division as Nested Multiplication
Synthetic division is also referred to as nested multiplication. The reason why is
clear to see if a polynomial is re-written by repeated factoring. For example, p(x) =
3x3 +5x2− x+4 can be factored and re-written as follows:

3x3 +5x2− x+4 =
(3x2 +5x−1)x+4 =
((3x+5)x−1)x+4 =
(((3)x+5)x−1)x+4

Comparing the last equation with the steps followed when performing synthetic di-
vision reveals that nested multiplication is just a different form of synthetic division.
The only difference is that nested multiplication does not retain the coefficients of the
quotient. Instead, nested multiplication simply accumulates the remainder term as the
sum of the n multiplication and addition operations, where n is the degree of the origi-
nal polynomial.

Nested multiplication can be easily performed step-by-step with a simple four-function
calculator or in a TI-Nspire Calculator Application:

Nested multiplication is the most efficient way to evaluate a polynomial with computer
software.

8 Horner’s Method
The synthetic division algorithm yields both the coefficients of the reduced polynomial
and the value of the polynomial at a point. If the coefficients of the reduced polynomial
are not needed, using the nested multiplication form for a software implementation
is more efficient since memory to store intermediate results (the coefficients of the
quotient) is not required. The nested multiplication form of synthetic division is called
Horner’s Method. A bonus when using Horner’s Method is that the value of the first
derivative of the polynomial at a point can be calculated at the same time as the value
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of the polynomial is calculated.

8.1 Algorithm
The alogorithm for Horner’s Method in pseudo-code is:6

Horner’s Method

Given a list a of the coefficients of a polynomial p(x) arranged in descend-
ing order of powers of x and a constant c, use nested multiplication to calculate
p(c) and p′(c) and return a list containing p(c) and p′(c).

set n = number of coefficients of p(x)
Initialize y and y’
set y = a[1]
set y′ = a[1]

for i = 1, i < n−1
calculate the coefficient of the quotient and sum for p(x)
set y = c · y+a[i]
use the coefficient of the quotient to calculate and sum for p′(x)
set y′ = c · y′+ y

end for
calculate and sum for the final value of p(x)
set y = c · y+a[n]
return y,y′

Except for the two additional statements to calculate the value of the first derivative,
the algorithm for Horner’s Method is almost the same as the original algorithm for
synthetic division.

6Burden and Faires, Algorithm 2.7, Page 95
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8.2 horners(), a TI-Nspire Implementation of Horner’s Method
The implementation of the algorithm for Horner’s Method as a TI-Nspire function is:

Define LibPub horners(coeffs,x)=
Func
© horners(coeffs,x) - find value of a polynomial and its first derivative
© Input Arguments
© coeffs - a list of the coefficients of the polynomial in descending order
© x - the value at which the polynomial and its derivative are calculated
© Returns
© a two-element list with the value of the polynomial as the first element
© and the value of its first derivative as the second element
© This function implements Horner’s Method based on Algorithm 2.7, page 95,
© Burden and Faires "Numerical Analysis" textbook
©
© Copyright © 2019 Forest W. Arnold
©=============================================================================

Local n,i,qsum,dsum

n:=dim(coeffs)
If n<1 Then

Return {}
EndIf

If n<2 Then
Return {coeffs[1],0}

EndIf

qsum:=coeffs[1] © initialize p(x) - the remainder
dsum:=coeffs[1] © initialize p’(x)=q(x)

For i,2,n-1
qsum:=x*qsum+coeffs[i] © accumulate the sum for p(x)
dsum:=x*dsum+qsum © accumulate the sum for p’(x)

EndFor
qsum:=x*qsum+coeffs[n] © final sum for the remainder
Return {qsum,dsum}

EndFunc

8.3 Examples: Using the horners() Function
Example 8. Use horners() to find the value of 3x3 +5x2− x+4 at x = 5.

Example 9. Use horners() to find the value of 4x4 +2x2 +5 at x =−2.5.

Example 10. Use horners() to verify that x = 2+3i is a zero of x4−11x3 +53x2−
139x+ 156, find its first derivative at x = 2+ 3i, then use TI-Nspire’s ”derivative at a
point” function to validate the value of the derivative.
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9 Summary
This article described how to perform synthetic division by hand and discussed some
of the important applications of synthetic division. It also described how a form of
synthetic division called nested multiplication is used to find values of polynomials
and their first derivatives at a point. Finally, the article presented implementations of
both synthetic division and Horner’s Method as TI-Nspire functions and demonstrated
how to use the functions.
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