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1 Introduction
The definition of the limit of a function is a fundamental definition for all of calculus
and differential equations. For many students beginning the study of calculus, the limit
definition is difficult to understand and even more difficult to use to solve problems
involving limits.

Generally, a visual representation of an idea or definition facilitates understanding the
idea or definition. In mathematics, many definitions and ideas can be represented geo-
metrically. This is especially true for limit definitions. The five TI-Nspire documents
that accompany this article contain interactive geometrical representations of limits.
This article discusses limits in general and describes the five interactive limit demon-
strations.

2 An Informal Limit Definition

Definition 1 [Dawkins].

The limit of f (x) as x approaches a from either side with x not equal to a
is L if f (x) can be made as close to L as some specified distance when x is
sufficiently close to a.

The notation for the limit of a function is limx→a f (x) = L

Some points about this definition that need emphasis are:

1. The variable x is close to a: it is not equal to a.

2. The variable x approaches a from both the left (x < a) and the right (x > a).

3. The distance between y = f (x) and the limit L is a pre-determined value.

4. The limit of f (x) exists and is equal to L if the distance between f (x) and L is
less than some pre-determined value when x is closer to a than some other value
that is to be determined.

The following examples graphically illustrate the informal limit definition.

Example 1: Let f (x) = x
2 and let x approach a = 5 from both sides. Show graphi-

cally that the limit L of f (x) = 2.5 as x approaches 5 when the distance between L and
f (x) is less than 0.5. Determine how close x needs to be to 5 to support the assertion
that limx→5 f (x) = 2.5.

Figure 1 is an image of a graph page showing the function, the limit, and the inter-
vals around the limit and the value x approaches. In the figure, a horizontal line is
drawn from the y-axis to the point where it intersects the graph of f (x) and a vertical
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Figure 1: Definition of Limit of a Function

line is drawn from the x-axis to the intersection point. The coordinates of the intersec-
tion point are (5,2.5) which are the value of the limit L and the value of a in the limit
definition. The specified open interval containing the limit is (L−0.5,L+0.5) = (2,3).

To determine the lower and upper values of the open interval containing x = a = 5,
solve the equations y = L−0.5 = 2 = x

2 and y = L+0.5 = 3 = x
2 for x. Solving these

equations in a calculator page yields the bounds of the x interval as (4,6):

The distance from a = 5 to each end of the containing interval is 1. The arrows on
the x-axis indicate that as x approaches a = 5 from both the left and right, y = f (x)
approaches L = 2.5.

Examining the graph leads to the conclusion that as x approaches a= 5 with |x−5|< 1
then f (x) approaches L= 2.5 with | f (x)−2.5|< 0.5 and thus limx→5 f (x) = 2.5. How-
ever, even though the conclusion is reasonable, the graphical analysis is not proof.

In this example, the value of f (a) = f (5) exists and equals the limit L = 2.5. The
limit definition does not require either the existence of f (a) to equal the limit or even
to exist. The following two examples demonstrate these two cases.
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Example 2: For the function g(x) = x
2 ,x 6= 5, calculate the value of the limit of g(x) as

x approaches 5 in a calculator page.

Solution: First, define the function and show that g(5) does not exist:

Now calculate its limit as x approaches 5:

Figure 2 shows the graph of g(x).

Figure 2: Limit of g(x)

Example 3: For the function

h(x) =

{
x
2 , x 6= 5
4, x = 5

calculate the value of the limit of h(x) as x approaches 5 in a calculator page.

Solution: First, define the function and show that h(5) equals 4:
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Now calculate its limit as x approaches 5:

Figure 3 shows the graph of h(x).

Figure 3: Limit of h(x)

Examples 2 and 3 show that even though g(5) does not exist and h(5) 6= 2.5, the limit
of both functions exists and equals 2.5, which is the same as the limit of f (x) from
Example 1.

3 One-Sided Limits
In Examples 1-3, as x approached x = a = 5 from both the left and the right, all three
functions approached a single value, the limit L = 2.5, in accordance with the informal
limit definition. For many important functions in physics and engineering, the limit as
x approaches a from the left differs from the limit as x approaches the same a from the
right. These types of limits are one-sided limits and are informally defined as follows:

4



Definition 2. Right-Handed Limit [Dawkins].

The limit of f (x) as x approaches a from the right (x > a) with x not equal
to a is L if f (x) can be made as close to L as some specified distance when x is
sufficiently close to a.

The notation for the right-handed limit of a function is limx→a+ f (x) = L

Definition 3. Left-Handed Limit [Dawkins].

The limit of f (x) as x approaches a from the left (x < a) with x not equal
to a is L if f (x) can be made as close to L as some specified distance when x is
sufficiently close to a.

The notation for the left-handed limit of a function is limx→a− f (x) = L

Notes:

1. The primary difference between these definitions and definition 1 is omission of
the requirement that x approaches a from both the left and the right.

2. The notation for right-handed limits uses a+ instead of a.

3. The notation for left-handed limits uses a− instead of a.

4. For some functions, only one of these limits exists.

Example 4: For the function

hp(x) =

{
x
2 , x≤ 5
x
2 +1, x > 5

show that the ”normal” limit of hp(x) as x approaches 5 does not exist, then calculate
the value of both the left-hand limit and the right-hand limit of hp(x) as x approaches
5 in a calculator page.

Solution: First, define the function and show that the ”normal” limit of hp(x) as x
approaches 5 does not exist:
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Now calculate its left-hand limit and right-hand limit as x approaches 5:

Figure 4 shows the graph of hp(x) and its one-sided limits.

Figure 4: One-Sided Limits of hp(x)

This example illustrates that even though limits as x approaches a = 5 from both sides
of 5 exist, the ”normal” limit does not exist, since the left-hand limit and the right-hand
limit are not equal, as required by definition 1. The following fact summarizes the
relationship between one-sided limits and normal limits [Dawkins]:

Fact:

Given a function f (x), if limx→a f (x) = L, then limx→a− f (x) = limx→a+ f (x) = L.

Likewise, if limx→a− f (x) = limx→a+ f (x) = L, then limx→a f (x) = L.

Additionally, if limx→a− f (x) 6= limx→a+ f (x), then limx→a f (x) does not
exist (DNE).
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4 Continuity

Definition 4 [Dawkins]. Continuity

A function is continuous at x = a if

lim
x→a

f (x) = f (a)

A function is continuous on the interval [a,b] if it is continuous at each point in
the interval.

Additionally, if f (x) is continuous at x = a, then

lim
x→a

f (x) = f (a) lim
x→a−

f (x) = f (a) lim
x→a+

f (x) = f (a)

Notes: The definition of continuity means at a point x = a

1. If f (a) is not defined, the function is discontinuous at x = a.

2. If the limit of f (x) as x approaches a is not defined (does not exist), the function
is discontinuous at x = a.

Figure 5 shows the graph of a function with two discontinuities, one at x = 2 and one
at x = 5.

Figure 5: A Function with Discontinuities
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Figure 5 illustrates the definition of continuity:

At x = 2, hc(2) is not defined and there is ”hole” in the graph at x = 2. The limit
of hc(x) as x approaches 2 is defined and equals 1.

At x = 5, hc(5) is defined and equals 5
2 , but the limit of hc(x) as x approached 5 is

not defined, since the limit from the left of 5 and the limit from the right of 5 are not
equal. This is an example of a ”jump” discontinuity (there is a break in the graph).

The function hc(x) is everywhere continuous except at the points x = 2 and x = 5.
A function is continuous if its graph has no holes or breaks in it: the graph can be
traced with a pencil from start to finish without picking up the pencil [Dawkins].

5 A Formal Limit Definition

Definition 5 [Dawkins].

Let f (x) be a function defined on an interval that contains x = a, except
possibly at x = a. Then

lim
x→a

f (x) = L

if for every number ε > 0 there is some number δ > 0 such that

| f (x)−L|< ε whenever 0 < |x−a|< δ

This definition, referred to as the ε,δ limit definition, is a mathematically precise ver-
sion of Definition 1. In this definition, ε is the specified distance between f (x) and L,
and δ is the distance between x and a.

Definition 5 is used in limit proofs, which are conducted in two stages. In stage 1,
an expression for δ in terms of ε is determined. This is done by algebraically trans-
forming | f (x)−L|< ε to |x−a|< an expression containing ε . In stage 2, δ is equated
with the expression containing ε and the expression |x−a|< δ is then transformed to
| f (x)−L|< ε to formally prove the limit. The following simple example demonstrates
the technique.

Example 5. Use the ε,δ limit definition to prove

lim
x→5

x
2
=

5
2

Note: This is the problem that was graphically solved in Example 1.

Solution:
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First, determine f (x),L, and a from the limit expression:

f (x) = x
2 ,L = 5

2 , and a = 5.

Next, substitute these values in the expressions | f (x)−L|< ε and |x−a|< δ :

∣∣∣∣ x2 − 5
2

∣∣∣∣< ε whenever 0 < |x−5|< δ

Stage 1: Use algebra to transform
∣∣ x

2 −
5
2

∣∣< ε to |x−5|< δ where δ is an expression
containing ε: ∣∣∣∣ x2 − 5

2

∣∣∣∣< ε∣∣∣∣12 (x−5)
∣∣∣∣< ε

1
2
|x−5|< ε

|x−5|< 2ε

Now let δ = 2ε:
|x−5|< δ = 2ε

Stage 2: Write the proof using |x−5|< δ = 2ε .

2a. Preliminary statements:

Suppose ε > 0 is specified. Let δ = 2ε .

Since ε > 0, δ > 0 and for every x,0 < |x−a|< δ implies |x−5|< δ = 2ε .

2b. Transform |x−5|< 2ε by reversing the Stage 1 transformation:

|x−5|< 2ε

1
2
|x−5|< 1

2
(2ε)∣∣∣∣12 (x−5)

∣∣∣∣< ε∣∣∣∣ x2 − 5
2

∣∣∣∣< ε

2c. Proof statement:

|x−5|< δ = 2ε ⇒
∣∣ x

2 −
5
2

∣∣< ε . Therefore, limx→5
x
2 = 5

2 .
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Most ε,δ limit proofs are much more complicated than the above proof. The following
articles contain many detailed step-by-step examples of ε,δ limit proofs:

1. ”How to Construct a Delta-Epsilon Proof”,
http://www.milefoot.com/math/calculus/limits/DeltaEpsilonProofs03.

htm

2. ”A Few Examples of Limit Proofs”,
http://www.math.utah.edu/~petersen/1210/LimitProofs

3. ”PRECISE LIMITS OF FUNCTIONS AS X APPROACHES A CONSTANT”,
https://www.math.ucdavis.edu/~kouba/CalcOneDIRECTORY/preciselimdirectory/

PreciseLimit.html

In Example 1, ε = 0.5, L = 2.5, and δ was determined graphically to be equal to 1.0.
Using the result δ = 2ε from the proof in Example 5, when ε = 0.5,δ = 2(0.5) = 1.0,
which is in agreement with the conclusion from Example 1.

6 The Limit Demonstrations
The five TI-Nspire documents (tns) accompanying this article contain interactive graph-
ics demonstrations of limit definitions. These demonstrations are enhanced TI-Nspire
versions of Computable Document Format (CDF) limit demonstrations from the Wol-
fram Demonstration Project. The CDF versions require the Wolfram CDF Player and
are licensed CC BY-NC-SA. Links to the CDF versions are in this article’s References
section.

The following sections describe the interactive TI-Nspire demonstrations.

6.1 Finite Limit at a Finite Point
The Epsilon-Delta definition of the finite limit L of a function f (x) at a finite point a is

limx→a( f (x)) = L

if for every number ε > 0 there is some number δ > 0 such that

| f (x)−L|< ε whenever 0 < |x−a|< δ

This definition means that whenever the variable x is in the interval (a−δ ,a+δ ) then
f (x) is in the interval (L− ε,L+ ε) and as x gets closer and closer to a, then f (x) be-
comes closer and closer to L.

The two documents limitdemo1.tns and limitdemo2.tns graphically demonstrate
the relation between ε,δ , and the point x = a.

Figure 6 displays the graph page from limitdemo1.tns.
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Figure 6: Finite Limit at a Finite Point 1

Interacting with the Graph:

• Use the slider labeled epsilon to set the value of ε .

• Select and drag the point to move a to different locations on the graph of f (x).

• Notice how the values of δ1,δ2, and δ change depending on the value of epsilon
and the location of the point a.

Figure 7 displays the graph page from limitdemo2.tns.

Interacting with the Graph:

• Use the slider labeled epsilon to set the value of ε .

• Select and drag the point a to move a to different locations on the graph of f (x).

• Notice how the values of δ and ∆x change depending on the value of ε and the
location of the point a and the point x.

• Select and drag the point x toward the point a.

• Notice how the value of ∆x changes when the point x is moved and that when
the value of ∆x is less than the value of δ the part of the graph in the interval
(a−δ ,a+δ ) is highlighted.
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Figure 7: Finite Limit at a Finite Point 2

6.2 Finite Limit at Infinity
The Epsilon-Delta definition of the finite limit L of a function f (x) at infinity is

lim
x→∞

( f (x)) = L

if for every number ε > 0 there is a number M > 0 such that

| f (x)−L|< ε whenever x > M

This definition means that for every value of x greater than the value M, the graph of
f (x) is entirely contained in the interval (L−ε,L+ε) and as the value of M approaches
infinity, the value of f (x) approaches the value of L.

The document limitdemo3.tns graphically demonstrates the relation between ε and
M.

Figure 8 displays the graph page from limitdemo3.tns.

Interacting with the Graph:

• Use the slider labeled epsilon to set the value of ε .

• Notice that the value of x = M is automatically calculated, the vertical line
through the point at x = M is moved to the point where the graph of f (x) is com-
pletely within the interval (L−ε,L+ε), and the interval containing the graph of
f (x) and its limit is shaded.

12



Figure 8: Finite Limit at Infinity

6.3 Infinite Limit at a Finite Point
The definition of the infinite limit L of a function f (x) at a finite point a is

lim
x→a

( f (x)) = ∞

if for every number M > 0, there is some number δ > 0 such that

f (x)> M whenever 0 < |x−a|< δ

This definition means that no matter how large the value M, a value of δ can be de-
termined so that the graph of f (x) will be above the value of y = M as long as x is
contained in the interval (a− δ ,a+ δ ). Thus, as x approaches a, f (x) approaches in-
finity.

The definition does not require that f(x) exists at a.

This document limitdemo4.tns graphically demonstrates the relation between ε and
M.

Figure 9 displays the graph page from limitdemo4.tns.

Interacting with the Graph:

• Use the slider labeled m to set the value of y = M.

• Notice that the value of δ is automatically calculated, the horizontal line through
y = M is moved, the vertical lines through a−δ and a+δ are moved so that the
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Figure 9: Infinite Limit at a Finite Point

graph of f (x) above y = M is completely within the interval (a− δ ,a+ δ ), and
the interval containing the graph of f (x) above y = M is shaded.

6.4 Infinite Limit at Infinity
The definition of the infinite limit L of a function f (x) at infinity is

lim
x→∞

( f (x)) = ∞

if for every number M > 0 there is some number N > 0 such that

f (x)> M whenever x > N

This definition simply means that for some value y = M, a value x = N can be deter-
mined so that if x is larger than N, then y = f (x) is larger than y = M. Thus, as x
approaches infinity, then y = f (x) also approaches infinity.

The graph page in the document limitdemo5.tns demonstrates the relation betweenM
and N.

Figure 10 displays the graph page from limitdemo5.tns.

Interacting with the Graph:

• Select and drag the point on the graph of f (x).

• Notice the relation between M and N, and that the portion of the graph where
x > N is highlighted where f (x)> M when x > N.
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Figure 10: Infinite Limit at Infinity
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