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1 Introduction
The article Systems of Equations with TI-Nspire™ CAS
Substitution and Elimination described two methods for solving systems of linear equa-
tions: the substitution method and the elimination method. The elimination method is
a logical and robust technique for solving systems of linear equations but is awkward
to use for systems with many equations and variables. Gaussian Elimination is a com-
pact and efficient technique for solving systems of equations represented with matrices.

This article describes and demonstrates how to use TI-Nspire’s builtin matrix functions
to

• represent systems of equations with matrices,

• use the elimination method with matrices,

• determine if systems are consistent or inconsistent and whether the system’s
equations are independent or dependent based on the elimination results, and

• identify the basic and free variables for dependent equations and express solu-
tions of systems with dependent equations in terms of free variables.

The TI-Nspire demonstrations and examples for this article require the CAS version of
TI-Nspire.

2 Definitions and Terminology
A matrix is a rectangular array of numbers with m rows and n columns. The dimension
(size) of a matrix is denoted as m×n. An example of a 3×4 matrix is1 3 6 25

2 7 14 58
0 2 5 19

 (1)

A system of equations can be expressed compactly using matrix notation as an aug-
mented matrix. An augmented matrix is a matrix containing both the coefficients of
the equations in the system along with the right-hand side of each equation. The matrix
presented above is the augmented matrix for the system of linear equations

x+3y+ 6z = 25
2x+7y+14z = 58

2y+ 5z = 19
(2)

Notice that 0 in the third row of the above matrix is the coefficient of the missing x
variable in the third equation of the system of equations.
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Recall that the general form for a system of m linear equations in n unknowns is

a11x1 +a12x2 + · · ·+a1nxn = b1

a21x1 +a22x2 + · · ·+a2nxn = b2

...
am1x1 +am2x2 + · · ·+amnxn = bm

The coefficient matrix for the general form of a linear system is
a11 a12 · · · a1n
a21 a22 · · · a2n

...
am1 am2 · · · amn


The augmented matrix for such a system is

a11 a12 · · · a1n b1
a21 a22 · · · a2n b2

...
am1 am2 · · · amn bm


The dimension of the augmented matrix for a system of m equations in n variables is
m× (n+1).

The expression amn denotes the nth coefficient of the mth equation and the expression
bm denotes the right-hand side of the mth equation. For example, a32 is the coefficient
of the second variable, x2, of the third equation and b3 is the right-hand side of the third
equation.

3 Gaussian Elimination
Gaussian elimination is a modified version of the elimination method applied to the
matrix form of a system of linear equations. Instead of applying elimination operations
to equations, the same operations are applied to the rows of the augmented matrix cor-
responding to the system of equations. The elementary row operations for performing
Gaussian elimination are

1. Interchange any two rows of the matrix.

2. Multiply any row by a non-zero constant.

3. Add a multiple of a row to another row.
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These three simple operations applied to an augmented matrix produces an augmented
matrix corresponding to an equivalent linear system [1] (recall that equivalent systems
are systems that have the same solution). Gaussian elimination transforms an aug-
mented matrix to triangular form. An augmented matrix is in triangular form if the
first nonzero entry for each row is to the right of the first nonzero entry in the row above
it [1]. An example of an augmented matrix in triangular form is1 3 6 25

0 1 2 8
0 0 1 3

 (3)

The solution to the triangular form of the augmented matrix is the solution to the equiv-
alent system of linear equations (2) presented above. The solution to the system is
found by applying back-substitution to the linear system in equation form (4) corre-
sponding to the triangular form (3):

x+3y+6z = 25
y+2z = 8

z = 3
(4)

Back-substituting the value of z from equation 3 in equation 2 results in an equation in
the single variable y. Solving equation 2 for y and back-substituting the values of z and
y in equation 1 results in an equation in the single variable x. Solving equation 1 for x
yields the solution {x = 1,y = 2,z = 3} to the system of linear equations (2).

Gaussian elimination is performed by iteratively applying the three elementary row
operations enumerated above to the rows of an augmented matrix until the matrix is
in triangular form. The following example shows how the elementary row operations
reduce an augmented matrix for a system of linear equations to triangular form, which
is then used to solve the system with back-substitution.

Example 11: Solve the system of linear equations
65x+ 84y+16z = 546
81x+105y+20z = 682
84x+110y+21z = 713

(5)

Step 1 - Form the augmented matrix.65 84 16 546
81 105 20 682
84 110 21 713


Step 2a - transform row 2 so the column 1 entry is zero: multiply each entry in row
1 by − 81

65 and add the result to each entry of row 2. In equation form, row2 = − 81
65 ×

1Kuttler, Problem 1.2.35
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row1+ row2. The resulting matrix is65 84 16 546
0 21

65
4
65

8
5

84 110 21 713


Step 2b - transform row 3 so the column 1 entry is zero: multiply each entry in row
1 by − 84

65 and add the result to each entry of row 3. In equation form, row3 = − 84
65 ×

row1+ row3. The resulting matrix is65 84 16 546
0 21

65
4

65
8
5

0 94
65

21
65

37
5


Step 3 - transform row 3 so the column 2 entry is zero: multiply each entry in row 2

by −
94
65
21
65

= − 94
21 and add the result to each entry of row 3. In equation form, row3 =

− 94
21 × row2+ row3. The resulting matrix is65 84 16 546

0 21
65

4
65

8
5

0 0 1
21

5
21


At this point, the augmented matrix has been converted to triangular form and back-
substitution is used to find the solution to the original system of equations.

Step 4 - Solve 1
21 z = 5

21 for z. The result is z = 5.

Step 5 - Substitute z = 5 in 21
65 y+ 4

65 z = 8
5 and solve for y. The result is y = 4.

Step 6 - Substitute y = 5 and z = 5 in 65x+ 84y+ 16z = 546 and solve for x. The
result is x = 2.

After solving for x, back-substitution is complete. The solution to the original sys-
tem of linear equations is {x = 2,y = 4,z = 5}. The solution is verified by substituting
the values of x,y and z in each of the three original equations to determine if the result-
ing left-hand side equals the right-hand side of each equation; i.e., each equation is an
identity (a true statement).

It’s clear from this example that even for systems with only a few equations and vari-
ables, performing elimination by hand is a tedious, time-consuming, and error-prone
process involving many arithmetic calculations. The same steps can be easily followed
while avoiding the arithmetic calculations using built-in TI-Nspire matrix functionality.

3.1 TI-Nspire Functions for Gaussian Elimination
Creating a Matrix
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There are many ways to create a matrix with TI-Nspire: with one of the matrix tem-
plates from the Math Templates pane, by selecting an entry from the Matrix - Create
sub-pane in the Math Operators pane, by selecting an entry from the Catalog pane,
by selecting a menu item from the Document Tools - Matrix & Vector - Create menu
in a calculator page, or by entering the matrix entries with the keyboard/keypad. The
simplest and most efficient way to create a matrix and define its entries is by typing the
definition. For example, to create and define a 3-by-3 coefficient matrix named m for a
linear system of equations, type

m:=[3,-1,5;0,1,-10;-2,1,0]

Note that row entries are separated by a comma and rows are separated by a semi-colon.
After the entry is complete and the enter key is pressed, the entry is replaced with its
matrix form representation:

Augmenting a Matrix

Given two matrices, the m:=augment(m1,m2) function adds the matrix m2 to the right
of the matrix m1 and returns an augmented matrix. An example of augmenting a coef-
ficient matrix with a matrix of constants is

Performing Elementary Row Operations

There are four functions for performing row operations:

1. m:=rowSwap(matrix,rindex1,rindex2) interchanges the rows with row num-
bers rindex1 and rindex2 and returns the resulting matrix.

Example:

2. m:=rowAdd(matrix,rindex1,rindex2) adds the entries of two rows of a ma-
trix and returns the resulting matrix. rindex1 and rindex2 are the row numbers
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of the rows to combine.

Example:

3. m:=mRow(expr,matrix,rindex) multiplies the entries of the row with num-
ber rindex by the value of expr and returns the resulting matrix.

Example:

4. m:=mRowAdd(expr,matrix,rindex1,rindex2) multiplies the entries of the
row with number rindex1 by the value of expr and adds the resulting values to
the entries of the row with number rindex2. The resulting matrix is returned.

Example:

Each of these four functions can be typed in a calculator page or inserted in the page
with menu items under the Document Tools - Matrix & Vector - Row Operations

menu in a calculator page.

3.2 Gaussian Elimination with TI-Nspire
The following example demonstrates how to solve the linear system (5) of Example 1
in a calculator page. The constraint operator (|) is used to substitute values for an
expression in an equation and the function solve() is used to solve an equation for
the value of a variable.

Step 1 - Form the augmented matrix.

Step 2a - transform row 2 so the column 1 entry is zero: multiply each entry in
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row 1 by − 81
65 and add the result to each entry of row 2. In equation form, row2 =

− 81
65 × row1+ row2.

Step 2b - transform row 3 so the column 1 entry is zero: multiply each entry in
row 1 by − 84

65 and add the result to each entry of row 3. In equation form, row3 =

− 84
65 × row1+ row3.

Step 3 - transform row 3 so the column 2 entry is zero: multiply each entry in row

2 by −
94
65
21
65

= − 94
21 and add the result to each entry of row 3. In equation form, row3 =

− 94
21 × row2+ row3.

At this point, the augmented matrix has been converted to triangular form and back-
substitution is used to find the solution to the original system of equations.

Step 4 - Solve 1
21 z = 5

21 for z.

Step 5 - Substitute z = 5 in 21
65 y+ 4

65 z = 8
5 and solve for y.

Step 6 - Substitute y = 5 and z = 5 in 65x+84y+16z = 546 and solve for x.
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After solving for x, back-substitution is complete. The solution to the original sys-
tem of linear equations is {x = 2,y = 4,z = 5}.

The solution is verified by substituting the values of x,y and z in each of the three
original equations to determine if the resulting left-hand side equals the right-hand side
of each equation; i.e., each equation is an identity (a true statement).

3.3 Echelon Forms of an Augmented Matrix
By applying elementary row operations to the triangular form of an augmented matrix,
the matrix can be transformed to row echelon form and then to reduced row echelon
form. Both these forms can be used to determine

• if a solution to the system of equations exists,

• whether or not a solution (if it exists) is unique, and

• if the solution exists and is not unique, which variables are basic variables and
which variables are free variables.

The reduced row echelon form enables determining the solution to the system directly
from the matrix, thus avoiding the back-substitution process.

3.3.1 Row Echelon Form

A matrix in row echelon form meets the following conditions [4]:

1. The row 1, column 1 entry is 1, and only zeros are below the first entry in column
1.

2. The first nonzero entry after the first row is 1, only zeros appear below it, and the
1 is to the right of the first nonzero entry in the rows above.

3. Any rows that contain all zeros for the coefficient matrix entries are at the bottom
of the matrix.

Note: Some textbooks do not require the first nonzero entry in a row to equal 1.
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An example of a matrix in row echelon form is
1 a b c d
0 1 e f g
0 0 1 h i
0 0 0 0 0


The leading (first) nonzero entry in a row is called a pivot and the column containing
a pivot is called a pivot column. The leading 1’s in rows 1, 2, and 3 in the example
matrix above are pivots and columns 1, 2, and 3 are pivot columns.

The triangular form of the augmented matrix from example 1 (5) is65 84 16 546
0 21

65
4

65
8
5

0 0 1
21

5
21


This matrix is transformed to row echelon form by scaling each of its rows so that the
first nonzero entry is 1. The scaling is performed in a calculator page with the TI-
Nspire function mRow().

Step 1. Multiply each entry of row 1 by 1
65 : The resulting matrix is

Step 2. Multiply each entry of row 2 by 65
21 : The resulting matrix is

Step 3. Multiply each entry of row 3 by 21: The resulting matrix is
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After step 3, the matrix is in row echelon form. The TI-Nspire function rm:=ref(m)

available with the Document Tools - Matrix & Vector menu executes all the steps
required to transform a matrix m to row echelon form rm:

Any nonzero matrix can be transformed by elementary row operations into more than
one matrix in row echelon form, depending on the order of the sequence of row op-
erations [3]. This means that different sequences of operations may produce different
representations of the row echelon form of a matrix. Nevertheless, back-substitution
applied to the different row echelon forms will result in the same solution to the origi-
nal system of linear equations. An example of this can be seen by comparing the row
echelon form of the augmented matrix from example 1 (5) using the ref() function
with the row echelon form resulting from the steps enumerated above applied to the
same augmented matrix.

Row echelon form of the matrix augmat1 from applying elementary row operations
step by step:

Row echelon form of the same original augmented matrix augmat1 using the func-
tion ref():

Although the two row echelon forms of the same augmented system differ, they both
yield the same solution to the system of equations and are thus equivalent.
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3.3.2 Reduced Row Echelon Form

A matrix in reduced row echelon form meets the same three conditions as a matrix in
row echelon form plus an additional condition:

4. Each column that contains a pivot has all other entries equal to 0.

Transforming a matrix to reduced row echelon form with elementary row operations is
referred to as Gauss-Jordan Elimination.

An example of a matrix in reduced row echelon form is
1 0 0 a 0 b
0 0 1 c 0 d
0 0 0 0 1 e
0 0 0 0 0 0


The leading 1’s in rows 1, 2, and 3 in the above matrix are pivots and columns 1, 3, and
5 are pivot columns.

A matrix in row echelon form is transformed to reduced row echelon form by applying
elementary row operations to the row echelon form. The process, called the backward
phase of elimination is

Beginning with the rightmost pivot and working upward and to the left, create zeros
above each pivot using a scaling operation [3].

The steps of the process to transform the matrix refmat1 above are

Initialize the matrix

Step 1a. Multiply row 3 by − 4
21 and add the result to row 2:

Step 1b. Multiply row 3 by − 16
65 and add the result to row 1:
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Step 2. Multiply row 2 by − 84
65 and add the result to row 1:

The matrix is now in reduced row echelon form. The solution to the system can be
read directly from the matrix. Each pivot column corresponds to a variable and the
value of that variable is in the right-most column of the reduced matrix. For the above
matrix, column 1 contains the x variable, column 2 contains the y variable, column 3
contains the z variable, and column 4 contains the values of the variables: x = 2,y = 4,
and z = 5.

Any nonzero matrix can also be transformed to reduced row echelon form with the
rref() function, available with the Document Tools - Matrix & Vector menu:

Reduced row echelon form, unlike row echelon form, is unique. Regardless of the
order in which elementary row operations are applied to a matrix, the resulting reduced
row echelon form is the same.

4 Solutions of Linear Systems of Equations
Both row echelon form and reduced row echelon form reveal whether a linear system

1. does not have a solution. If a row of the reduced matrix has the form[
0 0 0 ... 0 a

]
with a a nonzero constant, the system does not have a solution since there is no
combination of variables such that

0x1 +0x2 +0x3 + ...+0xn = 0 = a

A system of linear equations that does not have a solution is inconsistent.

2. has a unique solution. If every column except the right-most column of the
matrix is a pivot column, the system has a unique solution. The form of a matrix
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in row echelon form for a system with a unique solution is1 a b c
0 1 d e
0 0 1 f


The form of a matrix in reduced row echelon form for a system with a unique
solution is 1 0 0 a

0 1 0 b
0 0 1 c


where columns 1, 2, and 3 of the matrices are pivot columns. A system of linear
equations that has a unique solution is consistent and the equations are indepen-
dent.

3. has an infinite number of solutions. If a row of the reduced matrix has the form[
0 0 0 ... 0 0

]
or if there is a column other than the right-most column which is not a pivot
column, such as [

1 a 0 b
0 1 0 c

]
the system has an infinite number of solutions. A system of linear equations that
has an infinite number of solutions is consistent and the equations are depen-
dent.

4.1 Basic and Free Variables
Variables corresponding to pivot columns are basic variables, and variables corre-
sponding to columns that are not pivot columns are free variables. Free variables are
unconstrained - they can assume any value. Since free variables can be any value, there
are an infinite number of solutions to the system. For example, if the reduced row
echelon matrix for a system is [

1 0 0 a
0 1 0 b

]
The variables x and y correspond to pivot columns 1 and 2 and are basic variables. z
corresponds to non-pivot column 3 and is a free variable. The equations corresponding
to this matrix are 

x = a
y = b
z = any

and the solution is the {x = a,y = b,z = any}
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4.2 Solution Examples
Following are examples of solving systems of linear equations using the reduced row
echelon forms of the augmented matrices associated with systems of linear equations.
The examples highlight the relation between basic variables, free variables, and the
solutions to the systems. The examples are from Kuttler[2], Chapter 1.

Example 1: Find the solution to the system
2x+ 4y−3z =−1
5x+10y−7z =−2
3x+ 6y+5z = 9

Initialize the system of equations:

Create the matrix associated with the system:

Transform the matrix to reduced row echelon form:

Interpret the result:

The equation corresponding to the third row of the reduced matrix is

0x+0y+0z = 0 = 1

Since there are no values of the variables that result in an equality with 0 equal to 1,
the system of equations does not have a solution.

Example 2: Find the solution to the system
9x−2y+4z =−17

13x−3y+6z =−25
−2x − z = 3

Initialize the system of equations:
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Create the matrix associated with the system:

Transform the matrix to reduced row echelon form:

Interpret the result:

All three columns corresponding to the variables x,y and z are pivot columns and there
are no columns that are not pivot columns, indicating that the system of equations has
a unique solution. All three variables are basic variables and the system of equations
associated with the reduced matrix is

x =−1
y = 2
z =−1

The solution to the system of equations is {x =−1,y = 2,z =−1}.

Example 3: Find the solution to the system
3x− y− 5z = 9

y−10z = 0
−2x+ y =−6

Initialize the system of equations:

Create the matrix associated with the system:

Transform the matrix to reduced row echelon form:
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Interpret the result:

The equation corresponding to the third row of the reduced matrix is

0x+0y+0z = 0 = 0

This equation is always true regardless of the values of the three variables, which means
that the system of equations has an infinite number of solutions. The first two columns
of the matrix are pivot columns, so x and y, the variables corresponding to the two
columns, are basic variables. Column three is not a pivot column, so z, the variable
corresponding to the column is a free variable. The system of equations associated
with the reduced matrix is 

x− 5z = 3
y−10z = 0

z = z

The solution to the system of equations is expressed as {x = 3+5z,y = 10z,z = any}.

Example 4: Find the solution to the system
x+2y− z+w = 3
x+ y− z+w = 1
x+3y− z+w = 5

Initialize the system of equations:

Create the matrix associated with the system:

Transform the matrix to reduced row echelon form:

Interpret the result:
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The equation corresponding to the third row of the reduced matrix is

0x+0y+0z+0w = 0 = 0

This equation is always true regardless of the values of the variables, which means that
the system of equations has an infinite number of solutions. The first two columns
of the matrix are pivot columns, so x and y, the variables corresponding to the two
columns, are basic variables. Columns three and four are not pivot columns, so z
and w, the variables corresponding to the columns are free variables. The system of
equations associated with the reduced matrix can be represented as

x − z+w =−1
y = 2

z = z
w = w

The solution to the system of equations is expressed as {x = −1+ z−w,y = 2,z =
any,w = any}.

5 Summary
This article described how a system of linear equations can be represented as an aug-
mented matrix and how the elementary row operations applied to the rows of the matrix
yield a solution to the system or show the system has no solution. Pivots, pivot columns,
and basic and free variables were also defined and the relation between pivot columns
and basic variables was described.

Examples demonstrating how builtin TI-Nspire functions are used to reduce matrices
associated with linear systems and to solve the systems were presented. The examples
are in the TI-Nspire document, gaussian examples.tns, that accompanies this article.
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